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A method to determine the spring constant of a rectangular atomic force microscope cantilever is
proposed that relies solely on the measurement of the resonant frequency and quality factor of the
cantilever in fluid~typically air!, and knowledge of its plan view dimensions. This method gives
very good accuracy and improves upon the previous formulation by Saderet al. @Rev. Sci. Instrum.
66, 3789 ~1995!# which, unlike the present method, requires knowledge of both the cantilever
density and thickness. ©1999 American Institute of Physics.@S0034-6748~99!04210-0#

I. INTRODUCTION

The ability to experimentally determine the spring con-
stants of atomic force microscope~AFM! cantilevers is of
fundamental importance in many applications of the AFM.
To date many methods have been devised for this purpose.
These include methods that monitor the static deflection of
the cantilevers1,2 and those that utilize the cantilevers’ dy-
namic deflection properties.3–5 Recently, Saderet al.5 pro-
posed a method whereby the spring constant of an AFM
cantilever is determined from its unloaded resonant fre-
quency. The mass of the cantilever is also required and this
is typically obtained from the density, thickness, and plan
view dimensions of the cantilever. In particular, for the case
of a rectangular cantilever, the spring constant is given by

k5MercbhLvvac
2 , ~1!

wherevvac is the fundamental radial resonant frequency of
the cantilever in vacuum,h, b, andL are the thickness, width,
and length of the cantilever, respectively,rc is the density of
the cantilever, andMe is the normalized effective mass
which takes the valueMe50.2427 for L/b.5.5 Although
simple in appearance, application of Eq.~1! has been limited
for several practical reasons that we shall now discuss. In
contrast to the plan view dimensions of the cantilever that
are easily measured using optical techniques, the thickness
measurement typically requires the use of electron micros-
copy which can be time consuming and cannot be routinely
carried out on every cantilever. Furthermore, determination
of the density or mass of the cantilever can pose an even
greater difficulty. Typically, the reflectivity of AFM cantile-
vers is increased by the deposition of thin gold films onto the
substrate Si or Si3N4. This also necessitates the deposition of
a thin sputter-coated chromium layer to improve adhesion of
the gold layer. For most commercial cantilevers the thickness
of these individual layers is unknown, so that the average
density of the cantilevers, and hence their mass, remain com-
pletely undetermined.5 Also, measurements of the frequency
response of AFM cantilevers are commonly performed in an

air or liquid medium. It is well known that the surrounding
medium can significantly reduce the resonant frequency from
its value in vacuum.5 Hence, if not accounted for, this effect
can introduce an unnecessary and significant error into the
calibration procedure.5

In an effort to understand the role of the surrounding
fluid medium on cantilever dynamics, we recently examined
the effect of immersing a rectangular AFM cantilever in a
viscous fluid.6,7 There it was found that the shift in resonant
frequency of the cantilever from vacuum to fluid~gas or
liquid! was strongly dependent on both the density and vis-
cosity of the fluid and it could be accurately modeled. We
now show that these same results can be used to formulate a
simple, practical, and accurate method for the determination
of the spring constants of rectangular AFM cantilevers. The
present method of calibration eliminates the requirement for
a priori knowledge of the density and thickness, and auto-
matically accounts for the effects of the surrounding fluid,
thus overcoming the problems mentioned above. The spring
constant of a rectangular cantilever is then determined from
its plan view dimensions, and the measurement of its reso-
nant frequency and quality factor in fluid~typically air!. All
these quantities are readily accessible and facilitate fast and
accurate determination of the spring constant by the present
method. The following formulation pertains to a rectangular
cantilever whose lengthL greatly exceeds its widthb which
in turn greatly exceeds its thicknessh, which is the case
commonly encountered in practice. We shall examine the
practical limitations of this assumption and assess the accu-
racy and validity of the present method by giving a detailed
comparison with experimental measurements.

II. THEORY

To begin we note that the shift in the resonant frequency
from vacuum to fluid is primarily due to inertial effects in the
fluid.6,7 It then follows that if the quality factorQf of the
fundamental mode of the cantilever in fluid greatly exceeds 1
~which is typically satisfied when the cantilever is placed in
air6–8!, the vacuum resonant frequencyvvac is related to the
resonant frequency in fluidv f by6a!Electronic mail: j.sader@ms.unimelb.edu.au
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vvac5v fS 11
pr fb

4rch
G r~v f !D 1/2

, ~2!

whereas the areal mass densityrch is given by6

rch5
pr fb

4
@QfG i~v f !2G r~v f !#, ~3!

wherer f is the density of the fluid, andG r and G i are, re-
spectively, the real and imaginary components of the hydro-
dynamic functionG, which is plotted in Fig. 1. The reader is
referred to Eq.~20! of Ref. 6 for an analytical expression for
G. We note thatG~v! only depends on the Reynolds number
Re5r fvb2/(4h), whereh is the viscosity of the surround-
ing fluid, and is independent of the cantilever thickness and
density. Substituting Eqs.~2! and ~3! into Eq. ~1! we obtain
the required result

k50.1906r fb
2LQfG i~v f !v f

2. ~4!

Equation~4! relates the spring constantk directly to the plan
view dimensions of the cantilever, the fundamental mode
resonant frequencyv f , and the quality factorQf in fluid.
This expression is valid provided the quality factorQf@1,
which is typically satisfied when the cantilevers are placed in
air. We also note that if the areal mass density and vacuum
frequency of the cantilever are required, then these can be
easily obtained from Eqs.~2! and ~3!.

III. EXPERIMENTAL RESULTS

We now assess the accuracy of the present method by
presenting a detailed comparison with experimental mea-
surements. Two different sets of cantilevers were chosen for
this comparison. The first set, henceforth referred to ascali-
brated cantilevers, were procured from Park Scientific
Instruments9 and have a highly uniform rectangular geom-
etry, with accurately controlled material properties and
dimensions.10 Consequently, the spring constants of these
cantilevers are specified to a high tolerance by the
manufacturer.9,10 The second set of cantilevers were obtained
from Digital Instruments,11 and are identical to the cantile-
vers used by Walterset al.8 These latter cantilevers are gold
coated and have a nonideal geometry~i.e., the end is cleaved

and a tip is added; see Ref. 8 for details!. The spring con-
stants of these cantilevers were measured using the method
of Clevelandet al.4 These results served as the benchmark
for comparison with the present method. All measurements
made using the present method were performed in air, thus
satisfying the criterion thatQf@1. To obtain the quality fac-
tor Qf and resonant frequencyv f , as is required in the
present method, we measured the thermal noise spectra of
the cantilevers using a National Instruments data acquisition
~DAQ! card,12 carrying out a digital fast Fourier transform of
the signal using LabVIEW software.13 The fundamental
mode resonance peaks of the measured spectra were then
fitted to the response of a simple harmonic oscillator,6,14 us-
ing a nonlinear least squares fitting procedure.15 A white
noise floor was included in the fitting procedure14 to ensure
accurate fits to the noise spectra. In some cases, a large
spring constant precluded the measurement of the thermal
noise spectrum, due to low cantilever vibration amplitude.
For these situations, the frequency response of the cantilever
was measured by driving the cantilever at a range of frequen-
cies in the neighborhood of its fundamental mode resonance
peak.16 We emphasize that this approach gives the same re-
sults forQf andv f as that obtained from the thermal noise
spectrum, provided the drive amplitude is not large enough
to invoke nonlinearities. These two approaches allowed easy
and accurate determination of the quality factor~61%! and
resonant frequency~60.1%!. The plan view dimensions of
the cantilevers were measured using an optical microscope.

In Table I, we present results for the calibrated
cantilevers.10 For each cantilever, the method by which its
resonant frequency and quality factor was obtained is indi-
cated. Note the very good accuracy achieved by the present
method for all cantilevers, whose aspect ratios range from
L/b53.3– 13.7. In Table II, we present results for the second
set of cantilevers which are gold coated and have a nonideal
geometry.8 Again note the good accuracy obtained by the
present method in comparison to the method of Cleveland
et al.4 for all cantilevers, which range in aspect ratio from
L/b53.9– 10. For these cantilevers, the thermal noise spec-
trum was used to evaluateQf andv f in all cases. From these
results it is clear that the present method is capable of accu-
rate determination of the spring constants of rectangular
AFM cantilevers, whose aspect ratiosL/b exceed 3,17 which
is the case commonly encountered in practice. The present
method overcomes the shortcomings of the method proposed
in Ref. 5 by eliminating the requirement for knowledge of

FIG. 1. Plot of the real and imaginary components of the hydrodynamic
functionG~v! as a function of the Reynolds number Re5r fvb2/(4h). The
real componentG r is shown by the solid line; the imaginary componentG i

is shown by the dashed line.

TABLE I. Comparison of spring constants for calibrated cantilevers~Ref.
10! determined by the manufacturerkmanand by the present methodknew. f f

andQf are the resonant frequency and quality factor in air, respectively. The
results for 397 and 197mm cantilevers were obtained from their thermal
noise spectra, whereas the results for the 97mm cantilever were obtained by
driving the cantilever. Dimensions of the cantilevers:b529 mm andh52
mm. Properties of air:r f51.18 kg m23 andh51.8631025 kg m21 s21.

L
~mm!

f f

~kHz! Qf

kman

(N m21)
knew

(N m21)

397 17.36 55.5 0.157 0.157
197 69.87 136 1.3 1.30
97 278.7 309 10.4 10.7
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the cantilever’s thickness, density, and resonant frequency in
vacuum, parameters that in practice can be difficult to mea-
sure.

IV. NON-RECTANGULAR CANTILEVERS

Finally, we note that the present method can also be used
indirectly to calibrate cantilevers of different geometries, as
we shall now discuss. If all cantilever chips manufactured
had a single rectangular cantilever attached, as is the case in
some chips currently produced,9 then the calibration of all
cantilevers could be made very simple and routine using the
present method. This would utilize the property that the
thickness and material properties of all cantilevers over a
single chip are typically constant. The procedure would then
involve calibration of the rectangular cantilever, from which
the productEh3, where E is Young’s modulus, could be
easily evaluated using

Eh35k
4L3

b
. ~5!

Subsequently, theoretical results for the spring constants,
such as those found in Refs. 18–21, could then be used to
calibrate cantilevers of other geometries. This would require
only the plan view dimensions of the cantilevers, which are
easily measured.
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TABLE II. Comparison of spring constants for gold coated cantilevers~Ref.
8! determined by the method of Clevelandet al. ~Ref. 4! kclv and by the
present methodknew. f f and Qf are the resonant frequency and quality
factor in air, respectively. Dimensions of the cantilevers:b520 mm andh
50.44 mm. Properties of air: r f51.18 kg m23 and h51.86
31025 kg m21 s21.

L
~mm!

f f

~kHz! Qf

kclv

(N m21)
knew

(N m21)

203 10.31 17.6 0.010 0.010
160 15.61 22.7 0.019 0.018
128 24.03 30.9 0.038 0.034
105 36.85 41.7 0.064 0.067
77 64.26 60.3 0.15 0.15
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